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Abstract. In this paper we find estimates for the optimal constant in 
the critical Sobolev trace inequality S'||u||^ p>t ^ gn ^ < IMI^/i.pfn) that are 
independent of Q. This estimates generalized those of [3] for general p. 
Here p* := p(N — 1)/(N — p) is the critical exponent for the immersion 
and N is the space dimension. 

Then we apply our results first to prove existence of positive solutions 
to a nonlinear elliptic problem with a nonlinear boundary condition with 
critical growth on the boundary, generalizing the results of [16] - Finally, 
we study an optimal design problem with critical exponent. 



1. Introduction 

Sobolev inequalities are relevant for the study of boundary value problems 
for differential operators. They have been studied by many authors and it is 
by now a classical subject. It at least goes back to [T], for more references see 
[5]. In particular, the Sobolev trace inequality has been intensively studied 
in d El [HI M, EH], etc. 

Let Q be a bounded smooth domain of M N . For any 1 < p < N, the 
Sobolev trace immersion says that there exists a constant S > such that 

S( [ \u\ p * dsY /P * < f \Vu\ p + \u\ p dx 
^ Jan ' Jn 

for any u S W 1,P (Q), where W 1,p (£l) is the usual Sobolev spaces of the 
functions u € L p {Vt such that Vu G L P {VL. Here := p(N - 1)/(N - p) is 
the critical exponent for this inequality. 

The optimal constant in the above inequality is the largest possible S, 
that is 

f \Vu\ p + \u\ p dx 

S = S p (n) := inf 



\ vlv* ' 
\u\ p *dS) 

where the infimum is taken over the set X := W 1 *^) \ W 1,p (O), W 1,p (O) 
being the closure for the W 1,p -novm of the space of smooth functions with 
compact support in £1. 

The dependance of S with respect to p and Q has been studied by many 
authors, specially in the subcritical case, i.e. where p* is replaced by any 
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exponent q such that 1 < q < p*. See, for instance [8j [14] and references 
therein. 

The analysis for the critical case is more involved because the immersion 
W 1,P (Q) L p *(dQ) is no longer compact and so the existence of minimizers 
for S does not follows by standard methods. 

To overcome this problem, in [16], the authors use an old idea from T. 
Aubin PJ. In fact, let K~ x be the best trace constant for the embedding 
W 1 'P(R'l) w L p *(<9R"), namely 

J Rn \Vu\ p dx 

(1.1) K~ 1 = inf ± — . 

uew^ + )\w^ + (f mn+ \ u \P* dS y /P * 

In [16] it is shown, following ideas from [T], that if 

(1.2) < /f" 1 , 

then there exists an extremal for S P (Q). Taking the function u = 1 in the 
definition of 5 p (f2) one obtain that if 



then (|1.2p is satisfied. Observe that this is a global condition on J7. 

It follows from Lions [20] that the infimum (II. 1|) is achieved. The value of 
i£p is explicitely known when p = 2 (see Escobar fllj). 

Recently, Biezuner [I] proved that K p is also the best first constant in the 
inequality, 

— 

/ \u\ p *dS) * <a/ iVnlPfix + S / 
Jan / Jn Jn 

in the sense that, for any e > 0, there exists a constant C e such that 

(1.3) ( / * <{K p + e) [ \Vu\ p dx + C e [ \u\ p dx, 

\Jan J Jn Jn 

for every u S W 1,P (Q), and K p is the lowest possible constant. This fact will 
be used in a crucial way in the course of the paper. 

On the other hand a local condition ensuring (|1.2|) . depending only on 
local geometric properties of O, is known to hold in the case p = 2. Indeed 
Adimurthi-Yadava [3] obtained (|1.2|) assuming the existence of a "good point" 
x E dQ, i.e. a point x at which the mean curvature of <9f2 is positive and 
such that, in a neighborhood of x, 0, lies on one side of the tangent plane 
at x. The method in their proof is the use as test-functions of a suitable 
rescaling of the extremals of 

These extremals are explicitly known for p = 2 since Escobar's work [1 1 J 
who conjectured the result for any p £ (1,N), This conjecture has recently 
been proved by Nazaret [21] using a mass-transportation method. It turns 
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out that all the extremals of (jl.ljl are of the form 

N-p 
gp(p-l) 

Ue,y (y,t) = S 

(1.4) [{t + e) 2 + \y-y \ 2 ]*(p-V 

-^p TT fy-yo t 

=e p U 



€ € 

where e > and y, y G R^ -1 = <9M^, t > 0, with 

(1-5) E%,t) = —■ 

[{t + l) 2 + \y\ 2 ]*G=V 



The knowledge of this extremals allows us first to compute the explicit 
value of K p : 

Proposition 1.1. The value of K p is 



p-i 

N-l \ \ n- 1 



p \p-i) \ r ( tW-Q 

V \ 2(P-1) 

Applying a similar technique as in [3], we can use the rescaled extremals 
for K p and obtain a local (geometrical) condition on O such that (II. 2|) is 
satisfied. 

In fact, we can deal with a slightly more general problem. Namely 

\Vu\ p + h(x)\u\ p dx 

(1.6) A = X(p,n) := inf ' 



( [ \u\ p *ds) 
v Van ' 



p/p* 



where the infimum is taken over X and the function h G C 1 (0) is such that 
there exists c > satisfying 

(1.7) j \Vu\ p + h(x)\u\ p dx>c\\u\\ P wl:Pm 

for any u G X. 

We are lead to the following generalization of the notion of "good point" 
to our case: we say that a point x G dQ is a "good point" if there exists 
r > such that Q n B r (x) lies on one side of the tangent plane at x and 
either H(x) > or, if H(x) = 0, either 

h(x) < if iV = 2, 3, 4 and p < VN 

or, if N > 5, 

/i(x) < if p < 2, 

F^T E A > E j < (iV - 2)(JV - 4) lf P = 2 ' 
2 S A i ~ 2 E A ' A J <0if2<p<(iV + 2)/3. 

i<j 
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where the Aj's are the principal curvatures at x and H(x) is the mean cur- 
vature at x. 

Remark that our method gives the restriction 1 < p < (N + l)/2 and also 
that a "good point" in the sense of Adimurthi-Yadava is also a "good point" 
in our sense. 

We get the following theorem: 

Theorem 1.1. Let 1 < p < (N + l)/2. // there exist a "good point" x G dQ, 
then 

(1.8) A < K~\ 

As a consequence of Theorem 11.11 we have 

Corollary 1.1. Under the hypotheses of Theorem M.R the infimum (|1.6p is 
achieved. 

Observe that any extremal u can be taken to be nonnegative (just replace 
u by \u\), and if we take it normalized as (qq\ = 1, it is an eigenfunction 

associated to the eigenvalue A in the sense that it is a weak solution of the 
following Steklov-like eigenvalue problem 



(1.9) 



-A p u + h^uP- 1 = in O 
|Vn| p - 2 |^ = \u p *- 1 on dQ 



where A p u = div(\Vu\ p 2 Vu) is the p— Laplacian and v is the unit outward 
normal of f2. 

Then it follows by the results of Cherrier [5] that u is smooth on SI and 
continuous up to the boundary. Moreover, it is strictly positive in fl (see, 
for instance, [15J) so any extremal has constant sign. 

As an application of Theorem ll.il we study a shape optimization problem 
related to A. Given a G (0, |f2|), where |0| denotes the volume of ft, and a 
measurable subset A C £1 of volume a, we first consider the minimization 
problem 



(1.10) X A = mf 



\Vu\ p + h(x)\u\ p dx 



n 



\u\ p * dS 
an 



vlv* 



where the infimum is taken over Xa '■= {u G X \ u\a = a.e.} and the 
function h G C 1 (f2) is such that the coercivity assumption (II. 7ft holds 

As a consequence of Theorem 11.11 we have 

Theorem 1.2. Let 1 < p < (N + l)/2 and let A C SI be such that \ A\ = a. 
Assume that there exists a "good point" x G dtt such that B r (x) D A = for 
some r > 0. Then Xa is attained by some nonnegative nontrivial ua- 



These extremals ua are eigenfunctions associated to the eigenvalue A^ 
in the sense that, if A is closed, they are weak solutions of the following 
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Steklov-like eigenvalue problem 



{—A p u + h{x)u p ~ l 
\Vu\ p ~ 2 ^ = \ A vP 
u = 



in Q \ A 

1 ondn\A 



in A 



We consider the following shape optimization problem: 

For a fixed < a < find a set A* of measure a that minimizes 
Xa among all measurable subsets A C f2 of measure a. That is, 



In this paper we prove that there exist an optimal set A* (with their 
corresponding extremals u*) for this optimization problem. 

This optimization problem in the subcritical case (that is, when p* is 
replaced by an exponent q with 1 < q < p*) has been considered recently. In 
fact, in [17] the existence of an optimal set has been established, see also [T2] 
for numerical computations. Then, in [18], the interior regularity of optimal 
sets was analyzed in the case p = 2. We remark that in the result of [18] the 
subcriticality plays no role, so this local regularity result holds true also for 
this critical case. 

We prove, 

Theorem 1.3. Let 1 < p < (N+l)/2. If there exists a "good point" x £ dQ, 
then X(a) is achieved. 

Problems of optimal design related to eigenvalue problems like (jl.llj) ap- 
pear in several branches of applied mathematics, specially in the case p = 2. 
For example in problems of minimization of the energy stored in the design 
under a prescribed loading. We refer to [6] for more details. 

We want to stress that Theorem 11.31 is new, even in the case p = 2. 

Organization of the paper. In the next section we deal with the proof of 
the applications of the estimate A < that is, we deal with the proof of 

Corollary 11.11 and Theorems 11.21 and 11.31 We leave for the final section the 
computation of K p and the proof of Theorem 11.11 



In this section we use Theorem 11.11 that is proved in the Section 3, and 
prove Corollary 11.11 Theorem 11.21 and Theorem 11.31 

2.1. Proof of Corollary 11.11 We first prove that A is attained as soon as 
(|1.8p is satisfied. Since this kind of criterion is classical (see e.g. [7] or [16J), 
we only sketch the proof for the reader's convenience. 

Let {ti n }nsN C X be a minimizing sequence for (|1.6|l normalized such that 
ll M n||Lp*(9f2) = 1- According to (II. 7|) . this sequence is bounded in X and thus 
it converges up to a subsequence to some u G X weakly in X, strongly in 
L p (£l) and a.e. 



A(a) : 



inf \ A = \a, ■ 

Actt,\A\=a 



2. Applications of Theorem 11.11 
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Using Ekeland's variational principle (see [23] Theorems 8.5 and 8.14), 
we can assume that {wnjneN is a Palais-Smale sequence for the functional 
J : W l ' p (Sl) -> R defined by 

J(u) = - f \Vu\ p + h(x)\u\ p dx - — [ \u\ p *dS, 
P Jn P* Jan 

in the sense that the sequence {J(u n )} ng N is bounded and DJ(u n ) — ► 
strongly in (W 1,P (Q))* . Letting v n := u n — u, we can also assume that, up 
to a subsequence, 

\v n \ p * dS dv, |Vv„,| p da; — 1 <i/i, 

weakly in the sense of measures, where /j, and v are nonnegative measures 
such that supp(z^) C dCl. 

According to (|1.3|) . we have for any (j) G C 1 (r2) that 

/ \P/P* r r 

/ \<j>v n \ p *dS) <(K p + e) / |V(<K)I P ^ + C e / |^ n | p dx. 
Jan J Jn Jn 

Passing to the limit in this expression, first in n — > oo and then in e — > 0, we 
get that 

\Jan J Jn 

for any <p G C 1 (r2). From this inequality, we can deduce as in [20] Lemma 
2.3, the existence of a sequence of points {xj}j g / C (90, I C N, and two 
sequences of positive real numbers {z^}^/, {/Xj}j e / such that 

^ = y~] vi& Xi , n > ^2 and & - K p li, i /p * vie/. 

tel iei 

Therefore, 

'\ Un \P*dS -^\u\ p *dS + Z ie i^ 
| Vu n \ p dx \ Vu n \ p dx + n > \Vu n \ p dx + ]T\ e/ /J>iS Xi 



(2.1) 



W > ^"Vf /p * V i g I. 



It can also be shown that {v n }neN is a Palais-Smale sequence for the func- 
tional I : W x > p {n) -» M defined by 

I(u) := J{u) - [ h(x)\u\ p dx 
Jn 

(see e.g. [22]). In particular, for any G C 1 (0), 
o(l) = DI(v n )(v n <f>) 

= [ \Vv n \ p ~ 2 Vv n V(v n (p)dx - X [ \v n \ p *cpdS. 
Jn Jan 

Passing to the limit, we get that f^^d/j, = X J dn (f)dv for any <fi G C 1 (0). 
Hence \i = Xu. Using (|2.1|) . we then obtain the estimates 

n — 1 1 n — 1 

(2.2) n > (xk p ) —, m> k-\xk p ) — V i G I. 
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Now, by (pETl) , dH7j) and (|2T2]) . we arrive at 

A = / \Vu n \ p dx + / /i(x)|u n | p dx + o(l) > YV 

-. n — 1 

We deduce that if (jl.8J) holds, then J is empty. In that case, u n — > u strongly 
in W 1,P (Q) and in L p *(<9f2). In particular u is a minimizer for A. 

This completes the proof □ 



2.2. Proof of Theorem 11.21 Arguing exactly as in the proof of Theorem 
11.11 we obtain that a normalized minimizing sequence {■u n }neN C Xa for A^ 
converges, up to a subsequence, strongly in VF 1,p (f2) to some ua as soon as 



inf 

u£X A 



[ \Vu\ p + \u 


\ p dx 


Jn 




( [ \u\ p *dS 




v Jan 





Since there exists a "good point" x S dQ such that B r {x)T\A = 0, we deduce 
from the computations in the next section, by choosing a cut-off function <p 
with support in B r / 2 (x) in the definition of the test function u e (|3.ip . that 
this strict inequality (|2.3p holds. Hence u n — ► u strongly in W 1,P {SX) and 
LP*{dVt) and also a.e.. In particular u is a minimizer for Xa- □ 



2.3. Proof of Theorem 11.31 We begin by noticing that 

A(a) = inf{Ayi, A C O measurable, \A\ > a}. 



Hence 



/ |Vu| p H 


- \u 


\ p dx 


Jn 






(/ !<• 






dS 


v Jan 







A(a) = inf 

u&X, \{u=0}\>a 



Since a < |0| and there exists a "good point", it follows from the test func- 
tions computations of the next section, by choosing a function <f> with support 

-l 



in a ball of radius small enough in the definition of u e (|3.ip , that A(a) < K, 

By the same argument as before, this implies the existence of a nonnega- 
tive G X, = 0}| > a, such that 

Vit*| p + dx 

X(a). 



n 



\u*\ p * dS 1 
an 



p/p* 



We now conclude as in [17], Theorem 1.2, that in fact |{u* = 0}| = a and 
so A* = {u* = 0} is an optimal set for A(a). □ 
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3. Proof of Theorem 11.11 

In this section we prove our main result. First we recall some very well 
known formulae and prove Proposition 11.11 Finally we prove Theorem 11.11 

In all the subsequent computations, the following well known formulae 
will be used frequently: 

N 

27]- "2" 

u>N-i = volume of the standard unit sphere S ,7V_1 of 1^ 



r(f) 



r(sfi)r(5 2 t 

dr = -— '- for 2/3- a > 1, 



o (l + r»)/» ' 2T(P) 

T(z)T{z + -) = 2 l - 2z ^T{2z) for Re(z) > 0. 
We first compute the value of K p : 



Proof of Propostion ll.il Let U be the function defined by (|1.5|) . We first 

N 
+ ■ 

dy 



compute the L p *-norm of U restricted to M^" 1 x {0} - ™ N 



\U(y,0)r dy 



.! (1 + | y |2)p(JV-l)/2(p-l) 
roc r N-2 dr 

(1 + r 2)p(iV-l)/2(p-l) 
AT-1 



= K (N-l)/2 \2(P-1), 

We now compute the L p -norm of the gradient of U. First 

P" 1 [(l + i) 2 + |y| 2 ]^ +1 

Using the change of variable y = (1 + i)z and passing to polar coordinates, 
we can then write 



/ 

Jr 1 



\VU(y,t)\P dydt 



N-pY f dydt 



P~ 1 J JR" [( 1+t )2 + | y |2]^lT 
N-pY f + °° dt f + °° r N ~ 2 dr 



p-i-J Jo (i + t) P -i Jo n +r 2)^^iy 
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Hence 



\VU(y,t)\dydt 



K' 1 = - 

( / \U(y,0)\ P *dy^ 

and the proof is complete 



N — p\ pl E=I 

I vr 2 

p — 1 



7V-1 
2(p-l) 



' 1 2(p-l) 



p-i 
JV-1 



□ 



We now turn our attention to the proof of Theorem 11.11 Let xq E dQ be 
a "good point". By taking an appropriate chart, we can assume that xq = 
and that there exist r > and Ai, . . . , Aat_i G R such that 

B r nn={(y,t) e B r , t>p(y)} 
B r D dQ ={(y, t) G B r , t = p(y)} 

where y = (y\, . . . ,yw-i) G R^ -1 , £? r is the Euclidean ball centered at the 
origin and of radius r, and 

1 ^-1 



i=l 



Since xo = is a "good point", we have p > 0. Moreover, the Aj's are the 
principal curvatures at and thus 



H(0) 



N 



N-l 
i=l 



Let be a smooth radial function with compact support in B r / 2 be such 



that 



(3.1) 



1 in B r u, We consider the test functions 



«e(2/.t) = W 6 > °- 

[(t + e) 2 + |y| 2 ]2(p-D 



In order to give the asymptotic development of the Rayleigh quotient for u e 
we first compute the different terms involved: 

Step 1. We have the following estimates: 



(3.2) / |Vu e | p cfe = Aie f- 1 + 4 



A 2 e p-i +A 3 e z 



N-p 



N-p 
' P-I 



+ <! 0(ln(l/e)) ^/p=^ 
O(l) 4 /iv±3 <p< iY±i 

4 Mi A) */p=^ 

O(l) */p>^±± 
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(3-3) 



/ h(x)\u e \ p dx = < 
Jn 



N-p z 

De p- 1 + < 



0(ln(l/e)) tf P ==*±^ 

0(1) ify/N>p> - 1+ ^ N + E 
0(ln(l/e)) ifp=y/W 
O(l) ifp>^fN 



J 

J on 



i _ N — p N — p 

u f \ p *dS=B 1 e p- 1 +B 2 e p- 1 



(3.4) 



N-p 



N-p 



5 3 e p " 1 + < 0(ln(l/e)) if p = 

|o(l)z/^<p<^ 

S 4 ln(l/e) */p=^±± 
(0(l)i/p>iv±l 



3 

AT+1 



where 



A 



1 — o 



1 /N-p 



1 I 2(p-l) 



4> = - 



2 VP- 1 

tf(0)a*_ 2 /Ar-p V r ^) r (W) 



^2 



H(0)w N -2 (N-p\ p 



1 ^2(p-l) 



p-1 



N -p\ pV I — J 1 I 2(p-l) J / 3 



16 VP" 1 



1 I 2(p-l) J 



Si = Ll>N~2 



r(^)r 



AT-1 
2(p-l) 



B 2 = - 



WJV-2 



9r / p(AT-l) \ 

21 1 2(p-i) ; 

EA,p(iV-l) r ( jY 2 ll ) r (2^T)) 



p-1 



0+ 



p(iV-l) 
2(P-1) 



B 3 = 



^JV-2 



' 2 J ^ 2(p-l) ; 



32 


r fp(AT-l)\ 




1 1 2(p-i) ; 



1 + 



3{N - 2p + 1)\ 



2(iV - 2p + 1)' 



AjAj 
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Ba 



UN-2 



1 ^-^E^-f^E^-w 



N - 1 4(p - 1) 



r f N-i \ -n f jv-p 2 +p-i 

V 2 J M 2(p-l) 



P — 1 

£> = h{0)— 2 WAr - 2 / f W ^ 

ZL \ 2(P-1) 



Proof of Step Q We have 



[(t+e) 2 +|y| 2 ]^|Vn e | 2 



— — 7"^) ^ + |V^| 2 -2^^^(y.V^+(t+e)a t ^) 
p — 1 / p — 1 



Hence in B, 



N-p \ p 
p — 1 



p(JV-l) ' 



[{t + e) 2 + \y\ 2 }^T 



and then 



\vu e \ p dx = (?LA\ h _ h) + 0(1) 

n VP- 1 / 



with 



/ 



p("-i) 

- [(t H- e) 2 + |rc| 2 ] 2(p-i5 



and ^2 



p(re-l) ' 

Qa\n _|_ e y _|_ | x |2j 2(p-l) 



where Q a := | |y| < a and < t < a}. 

Changing variables y = (l + t)z and passing to polar coordinates, we have 



h 



Jc 



1 



Q a [(t + e) 2 + \y\ 2 ]^^y 



N-p 
g P— 1 



N-p 



dydt + O(l) 

+ [(l+t) 2 + \y\ 2 \^) 



€ P- 1 LON-2 



dt 



oo „N-2 



r N - 2 dr 



P(N-1) 



(1+t) f- 1 • 7o (1 + r 2 )^ rT T 



O(l) 



Hence 



(3.5) 



N-p p — 1 

7i = e p- 1 — wat-2 



11 " 111 2(p-l) 



N-p 



9r / P (JV-1) \ 



+ o(i). 
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On the other hand, according to Taylor's formula, 
rp(v) i 

dtdy 



p(N-l) 

\ y \<aJ0 [(t + e) 2 + |y| 2 ]^ry 



p(y) dy 



p(N - 1) 



/ 

J\v\ 



p(y) 2 dy 



M<a ( e 2 + |y|2) i 5fr=Tf 2(p-l) J\ y \< a ^ 2 + |^| 2 ^^-^+l 

\y\ 6 dy 



+ o 



P(N-1) . , 

\y\<a ( e 2 + | y |2)^FTTT+ 1 



p(JV-l) 

- 73 - ^iy e/4 + < 



^-^fj ; ifp<^ 

0(ln(l/e)), ifp=^ 
O(l), if p > ^ 



JV-p 



As the sphere is symmetric, we have 

\y\ 2 dy 



h 



= \m I 



p(N-l) 

\y\<a ( £ 2 + | y |2)^rry 



+ o 



\y\ 4 dy 



p(N-l) 

\y\<a ( e 2 + | y |2)^rrry 



with 



(3.6) 



and 



(3.7) 



\y\ 2 dy 



p(N-l) 

\y\<a( e 2 + 1^2) 2^=17 



€ p- 1 UJN-2 



ra/e 

Jo 



r N dr 



p(iV-l) 

(l +r 2)2(p-l) 



2(p-l) 



= < 



WWjv_2b(l/£) ifp< ^±1 

[0(l)ifp>J^l 
l?/| 4 <% 



+ 0(1) ifp< ^ 



p(JV-l) 

|»|<o ( e 2 + | y |2)^i7 



3 _ JV-p 

e p- 1 u;.w_2 



N-p 



a/e 



„iV+2 ^ r 



p(iV-l) 
(l + r 2)^FTT7 



0(e°~^) ifp< ^±3 



4 

iV+3 



0(ln(l/e)) ifp- , 
[0(1) ifp>^ 



Since ^ < we get 



0(e 3 -^)ifp<^ 



N-p 



JV+1 ^ r ( iV-2p+l 
2(P-1) , 



r(-±i)r 



6 1 -— ^,2^(0) ^ 7 + < 0(ln(l/e)) if p - ^ 



4r 



/p(iV-l)\ 

v 2(p-i) ; 



s ^(0)wAr-2ln(l/e) ifp= ^±1 

lO(l) ifp>^± 



0(1) if ^ 



<p< V 
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Concerning I4, we have 



yfdy 



P(N-1) 



\y\<a ( e 2 + | y |2) i 2^Tf+ 1 

yfv 2 i dy 



i<j 

+ 



J \V\<<* (e 2 + |y|2)^iy +J 



p(iv-i) 



|y|<a ( £ 2 + | y |2)^rry 



+1 



First we compute 



yfdy 



\y\<a ( e 2 + | y |2)^Tr+ 1 



Jh 



yfdy 



|l/|<o/e ( e 2 + | y |2)^FTTT+ 1 

'o(l) if p > 

«^_ 2 ln(l/e) ifp = ^ 



and if p < 2±± 



2 ' 



yfdy 



[ _ 

/ p(iv-i) , -, 

J\y\<a ( £ 2 + | y |2)^FTT)-+ J 

= 2e p-i ^7v_3 / 
■/ 



JV-3 



p(iV-l) 3 



f 
Jo 



y 4 dy 



P(N-1) 



(1 + r 2) 2(p-l) 2 JO (]_ _|_ y 2) 2(p-l) 



+ 1 



+ 0(1). 



Hence 



(3.8) 



\y\<a ( £ 2 + | y |2)^^rr +1 





r 


l' JV-2p+l ~ 
V 2(p-l) , 


Kf) 


r 


'p(AT-l) . A 
V 2(p-l) +V 





+ 0(1) ifp< ^ 



jV+1 



s WAr_ 2 ln(l/e) if p 
k O(l) ifp> ^ 



_ jv+i 
2 



In the same way 



/ 



pjjv-i) 



|y|<a ( £ 2 + | y |2)2£=IJ 



+1 



« Wjv_2ln(l/e) if P 
0(1) ifp> ^ 



. jV+l 

2 
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and if p< 



yfy] d y 



\y\<a ( £ 2 + | y |2)^iy+ 1 



=e p- 1 I 

J\v\<a/e 



ViVj dy 



m=p 1 1 



\y\<a/e (! + | y |2)^FTTy 



=4wa?_4 

+ o(i) 

Hence 



r N-4 dr 



P(N-l) r> 

(l +r 2)2( P -i) z 



J 



y 2 dyi 



p(N-l) 1 



y 2 



p(jy- 



(i + y|)' 2(p 



y 4 2 y 2 dy 



p(iv-i) 



|3/|<a ( e 2 + | y |2)^3T) 



+ 1 



= < 



1 _jv_p 
e p-i 



^_ 4 r(^)r(|) 2 r 


^ N- 


-2p+l\ 


V 2(p-l) y 


2 r /p(JV-i) 

1 I 2(p-l) 







+ 0(1) ifp< ^ 



wjv_ 2 ln(l/e) ifp=^±l 
0(1) if p > im 



Once again, 



pjjv-i) 



lwl<a ( e 2 + |y|2)^TT 



+1 



€ P- 1 LON-2 



L 



p(JV-l) 



(1 + r 2 ) 2 (p-!) 



+i 



0(e 2 ^)ifp<^ 
0(ln(l/e)) ifp = ^ 
lO(l)ifp>^ 



Using the fact that T(|) = r(§) = and 



i r(V) 

we eventually get that 



ir(¥) 



Wjv_4 = -— r^3Y^iV~2, 



vrr(^) 



f^_ 2 i-f ^(^)r ( y) , 

r(^+i) U^ A * 



(3.9) I 4 = < 



;j A/ A.;) 



+ < 



0(6 



if p < 



0(ln(l/e)) ifp = ^ 



[0(1) if^<p<^l 
MV<0 (i £ A 2 + Ej<j AA, + o(l)) if p = 



JV+l 
2 
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We thus obtain 

i-fff gjoWj r (— Fj^irJ 



^2= 4 



JV-p 



p(iv-i) 

2(p-l) 

JV-1 \ r /' jV-2p+l' 



r(^i)r 



+ < 



16 

JV-p 

p-l 



P(JV-1) 
2(p-l) 



2 ( P - 1 )^3 EAf+E AiA . 



if p < 



N+3 
4 

0(ln(l/e)) iip= 
lO(l) if^<P<^ 



4 

jV+1 



H(0) ^- 2 ln(l/e)(l + o(l)) if p = ^ 



Lo(i) if P > 



JV+l 



So the proof of (|3,2p is completed. 
To prove (|3.3p . we first observe that 



(3.10) 



= h(0) / |n e | p dx + / |x|K| p dx 



h(0) f \u e \ p dx + 0\ [ \u e \ p dx + / |r||(/, |'' J.j- ) . 

■/Go, \jQa\n 



where, as before, Q a = {(y,t) \ \y\ < a and < t < a}. 
Now, 



\u e \ p dx 



^^ + 0(1) 

\y\<a,0<t<a + e )2 + | y |2]^_LT 

JV-p 2 



g p-i 



dydt 



p(JV-p) 

|2/|<a/6,0<t<a/e [(1 + f)2 + | y |2]^J^T)- 



+ 0(1) 



J 0(ln(l/e)) if p 2 = N 
~ \0(l) if p 2 > N 

If p 2 < N, using the change of variable y = (1 + t)z and then passing to 
polar coordinates, we get 



oo „N-2 



r dr 



JV-p 2 f°° dt 

\u e \ p dx = e r-i u; N „ 2 / j^- . p{N _ p) 



O(l) 



Hence 
(3.11) 



- N -p „_i 
e p- 1 - 



P 2 H 
2(p-l) 



21' 



0(ln(l/e)) if p 2 = N 
O(l) if p 2 > N 



' p(JV-p) ' 

> 2 (P-!) , 



+ 0(1) if p 2 < iV 
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On the other hand, using Taylor's formula, 



(3.12) 



1 \n 



\u € \ p dx 



^^dy + 0{l) 

\y\<aJ0 [( t + e )2 + | y |2]^rT7 



o 



\y\ 2 dy 



p(N-p) 
\y\<a ( e 2 + | y |2)^FTT7 



dy +0(1) 



" p-i o 



o/e 



r N dr 



p(N-p) 
(1 _|_ r 2) 2 (p-i) 



0(e p- 1 ) if p < 
0(ln(l/e)) if p = - 



y {\) a P > -i+^+g 



-l+V4jV+5 

2 

1+V4AT+5 
2 



+ 0(1) 



Similarly, 



E dydt + 0(1) 

0- [(t + e )2 + |y|2]^rrr 



(3.13) 



N-p z 
p-1 



p(iv-p) 
[(l + t)2 + | y |2]^TT 



dycft + O(l) 



0(e 1 -^)ifp< - 1+ f F + g 
0(ln(l/e)) ifp 



O(l) ifp> 



-1+V4JV+5 
2 



Combining (EHUD . (I3~TTD . (l3~T2l and (ETT^I) . gives (CO) . 
Finally, to prove (13. 4|) . we first observe that 



|uJ p * dS 



an 



\uJ p * dS 



Qo 



for small e and so 

\u e \ p * dS = 

an 



Vi + IVH 2 



p(iV-l) 

H< a [(e + p(y)) 2 + |y| 2 ]^T 
l + i| V/0 |2 + O(N 4 

p(JV-l) 

|y|<0 ( e 2 + | y |2)^3TT 



p(N-l)p(2e + p) 
2(p-l) e2 + |y|2 



P 2 (2e + p) s 

( e 2 + |y|2)2 



+ 



P 3 (2e + P) : 



where 



'4(p-l) [ 2(p - 1) 



+ 1 
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Hence 



| p * dS 



on 



dy 



+ 



p(N-l) 
\y\<a ( £ 2 + | y |2)^i^Ty 

|Vp| 2 ^ 



p(iV-l) 

dy — e p- 1 



p(y) dy 



-. , p(JV-l) 
\y\<a ( £ 2 + \y\2Y+^=TY 



p(N - 1) 



p(N-1) n( -]\ i , p(N-l) 

\v\<a ( e 2 + | y |2)^rry ^IP x W|y|<a ( £ 2 + \ y \2y+^=TT 



P 2 (y)dy 



4e cat,p 



P 2 (y)dy 



P(N-1) 



o 



\y\<a ( e 2 + | y |2) 2 +^rif 

\y\ A dy 

^W^dy + e 

'\y\<a ( e 2 + | y |2)^riy 



M 4 % 



-, . p(iV-l) 

ll/|<« ( e 2 + \ y \2y+^p-=T) 



dy 



= / 5 -e p-i / 7 + -/ 6 -^_ I i/ 8 -4e 2 c iV ^9 + 0(/ 1 o). 

We first compute I§ as follows: 

dy 



h 



p(JV-l) 
ltfl<0 ( e 2 + |y|2)^^iy 



1 jv-p /•% r N ~ 2 dr 



p(AT-l) 
(1 _|_ r 2) 2(p-l) 



(3.14) 



1 iv-p 



oo r N-2 dr 



s +0(1) 

(1 _|_ r 2) 2(p-l) 



N-p 1 I, 2 / 1 



2(P-1) 



/ p(JV-l) 
Zi I 2(P-1) 



+ 0(1). 



According to (|3.6p and (|3.7p . using the relation T (2-7 — — 2 
have 
(3.15) 

\Vp\ 2 dy 



N-l r( JV f l )i 



we 



J. 



p(JV-l) 

[j/|<a ( e 2 + | y |2)^FTry 



N — 1 



\yi\ 2 dy 



p(JV-l) 
|l/|<a ( £ 2 + | y |2)^rrf 



p(JV-l) 

[2/[<o ( e 2 + | y |2) 2^=17 



+ 



+ 



\y\ 4 dx 



p(JV-l) 

'|y|<a ( e 2 + | y |2)^3iy- 



\y\ 4 dx 



p(N-l) 

'\y\<a ( e 2 + | y |2)^pTriy 



1 .v P rfjg=lW jv ~ 2 p+ 1 ' 



r / p(iV-l) 
' 2(p-l) 



+ < 



o N-p 

0{e~ — 



iV+3 



^^ln(l/ e ))ifp=^l 
lO(l) ifp>^ 



if P < 4 
i 

2 >P>^ 



0(ln(l/e)) ifp=^ 

[0(1) if iV+l ^ „ ^ N+3 
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h 



By radial symmetry, we have 

p{y) dy 



\y\<a ( £ 2 + \ y \2^+^=T) 

EA t f \y\ 2 dy 



2(^-1) J\v\<a f,2 , , ?/R H-^ 



+ o 



Yl -1- 

: 2(iV-l) 6 



( € 2 + ^2)^25=17 



|j/|<o ( e 2 + | y |2) 1 + ! 2ti^Ty 



P(N-1) 



N-p f 
p-1 

Jo 



i i p(N-l) 
(1 +r 2) 1 + -5^=17 

„N+2 ^ r 



+ e 



n-p I r a / e 



(1 + r 2) 1 + i 2t7=T7 

r N dr 



p(N-l) 



z — — e p- 1 I 

2(iV - 1) io 



i | p(JV-i) 
(1 + r 2 ) ^p- 1 ) 



O^ 1 -^) ifp< 
0(ln(l/e)) ifp = ^ 
<3(e~~) if p > ^±1 



and so 



h 



^ r f Ar - 1 'i r ( N ~ 1 \ 

: ±=! £ p-1 . i -J- 



(3.16) 



r(i i p^- 1 ) 

1 1 ' + 2(p-l) 



+ < 



0{e~^) ifp< ^±1 



0(ln(l/e)) ifp= 

iV — p 

^0(e" — ) ifp> 
To compute Ig we proceed as in the computations of I4, i.e. 

r, , P(N-1) 

\y\<a ( £ 2 + | y |2) 2 +^FTT)- 



yfdy 



\y\<a ( e 2 + | y |2) 2 + ! 2ti^Ty 



P(N-1) 



+ 



vhj dy 



—j J\y\<a ( e 2 + \ y \2f+^T) 



)(iV-l) 



+ 



\y?dy 



2 1 pS n - v ) 



Now 



L 



yf dy 



M<a( e 2 + | y |2) 2 + ! 2ti^Ty 



P(N-1) 



N-l f 

p-1 I 



\y\<a ( e 2 + | y |2^+"5I5=iy 

j/i dy 



(1 + |y|2) 2 +^I7 

s 4 (is 



+ 0(1) 



2e p- 1 uJ N - 3 



/ 



r 7V-3 dr 



p(N-l) 



2 JO 



(J _|_ r 2)V(p-l) 2 JO (1 + s 2) 2 +" 2 '(p-i) 

.r(¥)r 



p(JV-i) 



jy-i 



/ p(JV-l)\ 

{ z + 2(p-i) ; 



+ 0(1), 
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yfy] dy 



|tf|<a( e 2 + | y |2) 2+£ 2T]^Ty 



p(iV-l) 



JV-1 

£ p-1 



y* 2 2/ 2 dy 



r 



JV-4 



rir 



1 (1 + |y|2) 2+ ^iT 



+ 0(1) 



p(JV-l) -i l J , ,v 

(1 _|_ r 2) 2( P -l) 'JO + y 2 )2 + 2( P -i) 



1 i P(N-1) 



y]dyj 



„ n I P(W-1) 
(1+^)2+^3^ 



O(l) 



r 



-g p-i 



N-l 



1 1 Z + 2(p-l) 



+ 0(1), 



and 



|y| 5 rfy 



[j/[<o ( e 2 + \ y \2f+'-tp-TJ 



p(JV-i) 



_ JV-p 



JV-p 



o/e r N+3 ^ r 



(1 _|_ r 2) 2 + V(p-i)' 



p(JV-i) 



Hence 



(3.17) 



la = e p- 1 

16 



JV-p 

+ 0(e~~). 




Finally, for Iio we have, 



3 N-p 

ho =e Wjv-2 



JV-p 



a/e 



r N+2 dr 2 N ~ p 



p(JV-l) 
(1 _|_ r 2) 2(p-l) 



a/e r jV+2 dr 



(1 _|_ r 2) i+ 2(p-l) 



jV+3 



0(e J ~ — )if p < | 

0(ln(l/e)) ifp= ^ +< 
[0(1) ifp>^ 



JV-p 



JV+1 



0(e z ~~ )ifp< 
0(eln(l/e)) ifp= ^±± 
k O(e)ifp>^±i 



and so 
(3.18) 



N-p 



'10 



0(e f- 1 ) if p< 
1± 



JV+2 



O(l) ifp> ^ 



Putting these estimates together, we arrive at (|3.4I) . This completes the 

□ 



proof of Step [Q 
Step 2. We have, for any dimension N > 2, 

[ \Vu t \ p + \u e \ p dx ( 
iJn _ J 1 



JV-p 



K 



+ 0(e^) ifp> ^±1 



/an 



p/p* 



JV-1 



ff(0)eln(l/e) + o(eln(l/e)) i/p 



JV+1 
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and, if p < ^p-, for dimension N = 2,3,4 

f \Vu e \ p + \u e \ p dx 
1 Jn 



K 



\u f \ p * dS 



an 



p/p* 



N-2p+l K ' 



+ < 



.4! 



e p + 



N-p 



Ee 2 + 0{e 1+p ) ifp< 



N+2 



N—p 

0(e»-i ) if^ <p < VN 



0{e~^ ln(l/e)) if p 



N 



N — p , 

0{t~) if^N<p< 



where 



E 



4(JV - 1)(JV -2p + 1) j 
^4/so, /or dimensions N > 5, 
[ \Vu e \ p + \u e \ p dx 



N 



Kj 



> . 



K. 



\u f \ p * dS 



mi 



p/p* 



TV - 2p + 1 



+ < 



Ee 2 + I 



— fP 4- 



o(e 2 ) i/p < 2 

o(e") if2<p<^N 



Proo/ of Step d Noting that 



5 



JV-p 

1 



we have, when e.g. n > 6 and p < 2, that 



k: 



[ \Vu t \ p + \u e \ p dx , . 

lJn = i + [21 

([ \ Ue rdsY /p * U 



+ 



an 
N-p 



N-IBJ A x 



N - 1 



1 N-p 



2\N-1 



+ 1 



Bi 



Bi ~ Bx Ax 



+ 



A, 



e 2 + c 



Using the fact that 



r(*±!) 



N - 1 
2(P-1) 



,'N-l 

r — — + i 



2^2 
iV - 2p + 1 



iV- 1 fN- 1 



2(p - 1) 



+ 1 



N-2p+l fN-2p+l 



2{p - 1) 



2(p - 1) 
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we get 

M 
Ai 

A, 



Eh 
Bi 



D 
~Ai 



Hence 



and 



1 N-p 
~2N - 2p + 

1 N-p 



A x 4 N - 2p + 



1 



Bi 8(N-2p + l) 



(3N -5p + 2)^2 >h ~ 4(JV - P )J2 XiXj \ , 

i<j 



2h(0) 



— = I (W-3)(iV-4) 



Hp = 2 



has same sign as N _ % 



^E otherwise. 
A 2 N-pB 2 (N-p)(p-l) 



A\ N - 1 Bi 



AT - 2p + 1 



JT(0) 



iV-p 
N-l 



1 / jy-p \ /^y _ £3 _ 

2 liV-l + J I 5 J Bi Si Ai 



A 3 
Ai 



(JV-p)(p- 1) I p + N -2 
~4(N -1)(N -2p+l) I N 



which gives the result. We get the others equalities in much the same way. 

□ 



Proof of Theorem 11.11 At this point is just a combination of Steps 1 and 
2. " □ 
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